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SUMMARY.

This paper develops an algorithmic version of the Sieve of Eratosthendsntify all the prime
numbers up to and including any desired natural number. The method also pfowithes simple
calculation off(N).

In addition, the primary term in the algorithm enables a new amg simple method for the
determination of primality or compositeness of any number and, inageeaf the latter, the factors
involved, which enables these parameters to be easily determined for veryplamsesite numbers.
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1.0 Introduction.

Some two hundred and fifty years BC, a Greek mathematiciamsirahes of Cyrene, devised a
method of identifying all the prime numbers by elimination of tbhengosites from the group of
natural numbers. Today this method is known as the Sieve of Eratosthades still the most
successful method of producing prime numbers. However, it suffars thie difficulty that, as the
method progresses into extremely large numbers, it becomes nibrease difficult to identify the
composites.

The method presented here eliminates this difficulty by inconpgrat simple algorithm for the
generation of all the composites, so enabling the fast idetibficaf the primes. This algorithm also
provides the means to determine three other important parameteysarél{® A relatively quick and

simple means of determining an exact valueTN). (ii)) A very simple method for determining

whether any odd number is prime or composite, and (iii) a verglsimethod for determining the
prime factors for extremely large composite numbers.

2.0 An Algorithmic Version of the Sieve of Eratosthenes.

2.1 Development of the Algorithm.

It is well known that the natural numbers are the combination of all the paindesll the composites,
thus

[N]=[P]0[m] (2.1)

where
[N] is the group of natural numbers.
[P] is the group of prime numbers
[M] s the group of composite numbers
U represents a Boolean type operator "AND"

The group of composite numbers can be represented as

m]=[E]olo] (2:2)

where

[E] s the group of even composites =rj2{( 1)].

[O] s the group of odd composites =Q(Pn + Q - 2)].
whereQ is the group of odd prime numbers, and wherel - co.

Substitution of (2.2) as defined into (2.1) then yields
[N]=[P]O[2(n+1)]O[Q(2n+Q-2) (2.3)
So that
[P]=[N]O[2(n+1)] O[Q(2n+Q-2)] (2.4)

and where
U represents a Boolean type operator "NOT".
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To avoid the presence o] on the right hand side of (2.4), it is replaceithvthe group of all odd
numbers, i.e. [+ 1] thus

[P]=[N]o[2(n+2)]O[m+ 1 20+ (2m+1) - 2}] (2.5)
and this reduces to
[P] = [N] O2(n +1)] 0|4 + 4mn + 2n-1] (2.6)

Where nowm andn = 1 - o independently. Appendix A.3 shows that puttmg O in (2.6) is not
applicable.

Eq(2.6) can now be used to identify primesraandn are varied. The second term produces all the
even composites, leaving just the number 2 as theeven prime. The third term produces all the
odd composites, the remaining odd numbers therelmglprime.

There are two minor anomalies that result. The frshat replacing@] by [2m + 1] in (2.4) means
that the third term in (2.6) will produce a numloérduplicate composites. This however, does not
affect the immediate result. The second anomatkias because the distribution of composites with
regard tom andn is irregular, the composites, and therefore priméa not be identified in the
correct order. It also means that in any listingpoimes so produced, there may be extraneous
composites present.

The second anomaly can be avoided by selectingddeiad a numbeX up to which all the primes
are to be identified. The first anomaly is avoidgdcomposite sorting. The identification of all the
primes up to some numbhris the subject of the next Section.

Note, in the remainder of this paper, only the odohposites/primes will be considered, so that only
the third term in (2.6) is relevant. Consequerttigt term is now separately identified thus

[0] =|4n + 4rn+2n -1 (2.7)

2.2 Identification of the Primes up to Some NumbeX.
To effect this exercise it is first necessary taaq (2.7) tdN and re-arrange as follows, working with
individual terms inside the group.

_N -4’ +1

22m+1) (28)

Eq.(2.8) determines the maximum valuenofor all values ofm from unity upwards untih falls
below unity. Also, only the integer part ofso determined is taken. This ensures that theofist
composites produced by (2.7), up to and includiigvith these values ah andn, is complete, so
also ensuring that the list of all remaining oddnibers, being prime, is also complete. A brief
example folN = 209 follows.

The list of m and maximumn, (integer part), determined from (2.8) flr= 209 is shown in the
following table.
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Table 2.1 - List ofm and Maximum n for N = 209.

Maximum n

34

19

12

8

5

oA WNIFR|S

2

Total

80

Now, for each value afm in Table 2.1, inserh = 1, 2, 3 etc up to and including its maximum as
above, into (2.7). This generates a list of contpgsiwhich when sorted produces Table 2.2, thus

EXAMPLE Composites for N = 209
9 49 77 105 125 147 171 189
15 51 81 105 129 153 171 195
21 55 81 105 133 153 175 195
_ 25 57 85 111 135 155 175 195
Composites 27 63 87 115 135 159 177 201
- 80 33 63 91 117 135 161 183 203
35 65 93 117 141 165 185 205
39 69 95 119 143 165 187 207
45 75 99 121 145 165 189 207
45 75 99 123 147 169 189 209

Table 2.2 - Composites foN = 209.

Thus 80 composites are produced, 21 of which, (shiawed), are duplicates. Odd numbers NOT in
this table, together with the number 2, are theeetoe primes from 0 to 209. ( It should be noteat t
unity is considered a prime number).

2.3 Calculation offi{N).

Determination ofl(N) via the parameters developed here is

is the number in question.

mN)=N-E-0+D

is the number of even composites.

is the number of odd composites produced by (2.7).

is the number of duplicate composites produce®bs) (

-1

E:T_l if N is odd.

E :%—1 if N is even.

where

N

E

@]

D
and where

N

O =2(n).
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D can be determined from the list of compositegpamstance in Table 2.2, but it is not necessary
produce this table for this purposelasan be calculated as follows.

If different values ofm and n respectively produce the same composite, thenfalewing
relationship is valid.

An? +4mn+2n-1=4m?*+4m n'+2n'-1 (2.11)

Solving forn'

o 2m? =m?)+(2m+1)n

2.12
2m'+1 ( )

wheren' must be an integet its applicable maximum. From (2.12) the total nembf duplicate
composites, unique ta, can be determined for af/by inserting appropriate values wfandm,
and trial values af. As an example, consider the above exercisil for209.

Putm =1 andm= 2, then from (2.12)

n=>"+2 (2.13)

So that the first duplicate appears wimen 3, in which case' = 7. Thereafter duplicates appeamnas
increases by 3 in which case increases by 5. This continues untilexceeds the value of
applicable tanin Table 2.1 All the duplicates uniquertb= 1 are therefore, from (2.13)

n n' Duplicate
3 7 45

6 12 75

9 17 105
12 22 135
15 27 165
18 32 195

Table 2.3 - Duplicates Created Betweem' = 1 andm = 2 for N = 209.

There are thus 6 duplicates created betwden 1 andm = 2. Repeating these calculations for all
other combinations afn' andm produces the following table of unique duplicadgplicable tom'.
Note, it is not necessary to determine the actahlevof each duplicate composite, only the number
thereof.
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Number of Duplicate
Composites Unigue tan'
15
5
1
0
0

Total 21

3

!

g|h|jw|N
1

ol |
oo o

galhlwlNR| 3

Table 2.4 - Duplicates Unigue tan' for N = 209.

TUN) is then determined fd¥ from (2.9) withN = 209,E = 103,0 = 80 and = 21 as

TU209) = 47, (46 excluding unity).

The complete set of duplicates for the above examsgl calculated in Appendix A.2 where
applicability is also detailed.

2.4 A Simple Test for Primality or Compositeness.

This test can be effected by determining the vatiesfrom (2.8) for the requirel. Values must be
taken to a significant number of decimal placesllithe values are non-integer thens prime. IfN
is composite, then at least one valuenafill be integer. As examples, consides = 861 and\, =
863. From (2.8) the following table is produced

m nfor 861 | nfor 863
1 143 143.33
2 84.60 84.80
3 59 59.14
4 44.33 44.44
5 34.64 34.73
6 27.62 27.69
7 22.20 22.27
8 17.82 17.88
9 14.16 14.21
10 11 11.05
11 8.22 8.26
12 5.72 5.76
13 3.44 3.48
14 1.34 1.38

Table 2.5 - Determination of Primality or Compositeness dil; = 861 andN», = 863.

Thus forN; = 861 there are three valuesnofvhich produce integer values ofrom (2.8), (1- 143,

3-59, 10-11). N; = 861 is therefore composite. FNp = 863 there are no integer valuesnof
produced sdN, = 863 is prime.
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2.5 Determination of the Factors of Very Large Composite Numbers.

If some numbelN is composite, its factors can be determined devisl First, via the method in
Section 2.4 above, determine the values thfat are integer for all applicable valuesofNow, with
N composite, the appropriate term inside (2.7) tseifibe factored thus

N = (2m+ A)(2m+B) (2.14)

when multiplied out, comparison of (2.14) with (shows that

A*B_, (2.15)
2
and
AB=2n-1 (2.16)
Solving forB in (2.15) and inserting into (2.16) yields
A’-2nA+2n-1=0 (2.17)
and solving folA then gives
A=2n-1 or 1 (2.18)
the first term in (2.18) leads ®= 1. The factors dN are therefore from (2.14)
F, =2m+2n-1
(2.19)
F, =2m+1

As a simple example, the factorsf= 861 are, from the appropriate integer valuesm@ndn of
Table 2.5

Fi F>
287 3
123 7
41 21

Table 2.6 - Factors ofN = 861 from Eq.(2.19) and Table 2.5.

The prime factors o = 861 are therefore 3, 7 and 41. Note there dré factors other than (2.14),
but these produce non-integer values. A furthegresive example is shown in Appendix A.1.
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3.0 Conclusions.
It is believed that the most important result praetlihere is not the algorithmic version of the 8iev

of Eratosthenes, but the further results that ensamely, (i) the simple calculation T{N), which is
always exact, (ii) the simple test for primality @asmpositeness, and (iii) the ability to easilytéac
very large numbers.

In order to achieve these tasks, for exceptiodallye numbers, it is clear that, although triviagre

are a great many calculations to be completed. Mewavith the power and speed of computers
available in the present day, supplemented by thghisticated programming of same, such
calculations can be completed very quickly.

Also, it is clear from a detailed examination of #axample results presented here, and which would
be magnified with more extensive examples, thelpfolery precise patterns, which would make it
possible to set up secondary algorithms allowingymasults to be determined simply by inspection.

APPENDIX A.

Examples of Application.

A.l Determination of the Factors of Very Large Composite Numbers.
Consider the composite number

N =98,041988499 (A.1)

Inserting this number into (2.8) and settimg= 1 immediately produces an integer valuenabf
16,340,331,416. Inserting these valuemaindn into (2.19) produces the following factors

F, = 32,680,662,833
(A.2)
F,=3

Now insertingF; into (2.8) and varyingn from unity to 3 produces another integer valuen aff
2,334,333,057. These valuesnofindn then produce two more factors

F, =4,668660119

- =7 (A.3)

Continuing in this fashion witks et al produces all the factorsMfaccording to the following table.

m n Fa Fo

1 16,340,331,416 32,680,662,833 3

3 2,334,333,057 4,668,660,119 7

6 179,564,076 359,128,163 13
179 500,000 1,000,357 359

Table A.1 - Factors forN = 98,041,988,499
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The final number to be tested, 1,000,357, prodacesiteger values af and is therefore prime. The
parameterm must be increased to 500 befaraes reduced to less than unity to achieve thislfina
result. The prime factors of are therefore 3, 7, 13, 359 and 1,000,357.

Note that when testing the intermediate factBgsabove, it is not necessary to retomio unity each
time. Each new test can be continued starting thighvalue ofm from the previous result.

Also, it is very important not to jump valuesmfin the above process, otherwise a composite/factor
may be missed.

A.2 __ Calculation of All the Duplicate Composites foN = 209.
Determination of all duplicate composites can bteotéd using (2.12), and fdd = 209 are

determined below in tabular form. The parametenust be integer, andthe value in Table 2.1 for
eachm.

m' m Equation for n' from (2.12) n n' D
3 I 45*
6 12 75*
9 17 | 105*
1 ]2 3 +2 12 | 22 | 135
15 | 27 | 165*
18 | 32 | 195*
2 10 63*
5 17 105
1 3 (Tn + 16)/3 3 54 147+
11 | 31 | 189*
1 13 81*
2 16 99*
3 19 | 117*
4 22 135
1 4 +10 5 55 | 153*
6 28 | 171*
7 31 189
8 34 | 207*
1 5 1In/3 + 16 3 27 165
1 6 (1 + 70)/3 2 32 195
5 9 105*
2 3 /5 + 2 10 | 16 | 175+
2 4 (9 + 24)/5 4 12 | 135*
2 5 (1In + 42)/5 3 15 | 165*
2 6 (1 + 64)/5 2 18 | 195*
3 4 N7 +2 7 11 | 189*
3 5 (1In + 32)/7
3 6 (13 + 54)/7 F'o_r t_hese values,
s 1519 2 T e
4 6 (1 + 40)/9 value in Table 2.1
5 6 13/11 + 2

Table A.2 - Duplicates forN = 209 in Addition to Those in Table 2.3.
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The duplicate composites to be used in the detetioim of T{N), are those unique to eachand are
starred in the above table. Those not starred ateumique to eacim' and are therefore double
duplicates and are not included in the total. Ttal tis therefore 21.

A.3  Proof thatn = 0 is not Applicable in (2.6) and (2.7).
In [E] = [2(n + 1)], if n = 0 thenE = 2 which is not composite.

In [O] = [4n? + 4mn + 2n - 1], if n = 0 thenO = 4n7 - 1 and ifm = 1, thenO = 3 which is not
composite. For other valuesmf> 1, composites are produced, but they are albleoduplicates and

therefore in the determination of the compositesies for anyN, and/or TUN), they do not
contribute.
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